We study the computational power of shallow quantum circuits with n input qubits, one output qubit, and two types of ancillary qubits: O(log n) initialized and n O(1) uninitialized qubits. The initial state of the uninitialized ancillary qubits is arbitrary, but we have to return their state into the initial one at the end of the computation. First, we show that such circuits can compute various symmetric functions on n bits, such as threshold functions. Then, we consider a polynomial-time probabilistic classical algorithm with an oracle that can perform such a circuit. We show that it can estimate the elements of any unitary matrix that can be implemented by a constant-depth quantum circuit on n qubits. Since it is not known whether these tasks can be done with only O(log n) initialized ancillary qubits, our results show the possibility that augmenting uninitialized ancillary qubits increases the computational power of shallow quantum circuits with only O(log n) initialized ancillary qubits. On the other hand, we give the cases where augmenting uninitialized ancillary qubits does not. More concretely, we consider near-logarithmic-depth quantum circuits with only O(log n) initialized ancillary qubits such that they include unbounded fan-out gates on a small number of qubits and unbounded Toffoli gates. We show that they cannot compute the parity function on n bits, even when they are augmented by n O(1) uninitialized ancillary qubits.
Introduction

Background and Main Results
Much attention has been paid to the computational power of shallow (i.e., polylogarithmic-depth) quantum circuits [5, 18, 12, 10, 13, 9, 3, 24, 23] . This line of research contributes not only to understanding the differences in computational power between such circuits and the corresponding classical ones, but also to implementing quantum algorithms on a quantum computer in the near future, which would be able to use qubits for only a short coherence time. When the computational power of shallow quantum circuits is discussed, it is usually assumed that they can have a large number of qubits initialized to |0 other than qubits for input data. This is because a large number of gates in shallow quantum circuits are applied in parallel and, in general, quantum circuits require a space for storing the computation history due to the laws of quantum mechanics. However, it seems difficult to prepare a large number of initialized ancillary qubits [8] . Thus, from a practical point of view, it is meaningful to study the computational power of shallow quantum circuits with only a small number of initialized ancillary qubits. It is also of theoretical interest to study the computational power of such circuits.
When shallow quantum circuits with n input qubits and one output qubit have only a small number of initialized ancillary qubits, their computational power seems quite low. For example, when the number of initialized ancillary qubits is O(log n), it is not known whether the OR function on n bits can be computed by a shallow quantum circuit consisting of one-qubit gates and CNOT gates, while it can be computed with depth O(n) [1, 21] . Similarly, it is not known whether the threshold function on n bits can be computed by a shallow quantum circuit even with unbounded Toffoli gates and unbounded fan-out gates, while it can be computed with depth n O(1) [7] . It is natural to consider additional ancillary qubits satisfying the following two conditions: they should be easier to prepare than initialized ancillary qubits and have the possibility of increasing the computational power of shallow quantum circuits with only a small number of initialized ancillary qubits. As in [16] , an interesting idea is to consider qubits in the completely mixed state as the additional ancillary qubits, but it is better not to assume any particular initial state in terms of preparation cost.
Very recently, Buhrman et al. [4] considered a classical computation with a small clean space and an additional space, which they call a catalytic-space computation, where the initial state of the additional space is arbitrary, but its state has to be returned to the initial one at the end of the computation. They showed a surprising result: it appears that the catalytic log-space computation, which has a logarithmic-size clean space and a polynomial-size additional space, is more powerful than the standard log-space computation, which has only a logarithmic-size clean space. Motivated by this study and the above discussion, in this paper, we study the computational power of shallow quantum circuits with n input qubits, one output qubit, and two types of ancillary qubits: O(log n) initialized and n O(1) uninitialized qubits. The initial state of the uninitialized ancillary qubits is arbitrary, but we have to return their state into the initial one at the end of the computation.
Uninitialized ancillary qubits seem much easier to prepare than qubits with a particular initial state, i.e., they satisfy the above first condition on additional ancillary qubits. But do they satisfy the second condition? Specifically, do the n O(1) uninitialized ancillary qubits have the possibility of increasing the computational power of shallow quantum circuits with only O(log n) initialized ancillary qubits? They are known to be useful for constructing a few efficient quantum circuits [1, 22] , but, to our knowledge, a complexity-theoretic analysis of quantum circuits with them has not yet been done.
First, to answer the above question affirmatively, we consider symmetric functions, which are Boolean functions whose output depends only on the number of ones in the input bits [15] . Let E be the class of symmetric functions f n on n bits that are efficiently quantum computable from the number of ones in the input bits, i.e., f n ∈ E if there exists a Boolean function g m on m = log(n+1) bits such that g m (s) = f n (x) for any x ∈ {0, 1} n , where s ∈ {0, 1} m is the binary representation of the number of ones in x, and g m can be computed by an O(m)-size quantum circuit consisting of the gates in G. Here, G is the gate set consisting of a Hadamard gate, a Z(±π/4) gate, a Z (±2π/2 t ) gate for any integer t ≥ 1, and a CNOT gate, where Z(θ) is a phase-shift gate with angle θ ∈ R and Z (θ) = e −iθ/2 Z(θ).
The class E includes various functions, such as the OR and threshold functions, for which it is not known whether there exist shallow quantum circuits with only O(log n) initialized ancillary qubits as described above. However, any f n ∈ E can be computed by augmenting uninitialized ancillary qubits: Theorem 1. Any f n ∈ E can be computed by an O((log n) 2 )-depth quantum circuit with n input qubits, one output qubit, O(log n) initialized ancillary qubits, and O(n(log n) 2 ) uninitialized ancillary qubits such that it consists of the gates in G. Moreover, the depth decreases to O(log n) when the circuit is allowed to further include unbounded Toffoli gates on O(log n) qubits and unbounded fan-out gates.
Theorem 1 shows the possibility that augmenting uninitialized ancillary qubits increases the computational power of shallow quantum circuits with only O(log n) initialized ancillary qubits. To show the usefulness of Theorem 1, we consider a shallow quantum circuit with O(log n) initialized and n O(1) uninitialized ancillary qubits such that it consists of the gates in G and threshold gates, where we assume that the number of threshold gates in each layer of the circuit is a constant. Such a circuit might be useful for solving some computational problems since threshold gates yield shallow quantum circuits for various arithmetic operations [25] . Suppose that we need to implement the circuit with only gates in G. By replacing the threshold gates with the circuits for the threshold function in Theorem 1, we obtain a shallow quantum circuit with O(log n) initialized and n O(1) uninitialized ancillary qubits, while the above-mentioned previous circuit for the threshold function [7] yields an n O(1) -depth one. The former is more implementable than the latter since the depth of the former is much smaller.
Then, to further show the strengths of uninitialized ancillary qubits, we consider a polynomialtime classical algorithm with an oracle that can perform a shallow quantum circuit with uninitialized ancillary qubits. When the algorithm sends a bit string w to the oracle, the oracle performs the circuit with input qubits initialized to |w and sends back the classical outcome of the measurement on an output qubit. We deal with a matrix element estimation problem. Let p(n) be a polynomial and C n be an O(1)-depth quantum circuit on n qubits such that it consists of the gates in G. The problem, denoted by MEE(p(n), C n ), is to compute α x ∈ R such that |α x − | 0 n |C n |x | 2 | ≤ 1/p(n) for any input x ∈ {0, 1} n , where C n also denotes the 2 n × 2 n unitary matrix implemented by C n . It is not known whether, for any p(n) and C n , MEE(p(n), C n ) can be solved by an n O(1) -time classical algorithm (even in the bounded-error setting) [19] . This situation does not change when the algorithm has an oracle that can perform a shallow quantum circuit with only O(log n) initialized ancillary qubits. However, the problem can be solved by augmenting uninitialized ancillary qubits: Theorem 2. For any polynomial p(n) and O(1)-depth quantum circuit C n on n qubits such that it consists of the gates in G, MEE(p(n), C n ) can be solved with probability exponentially (in n) close to 1 by an n O(1) -time probabilistic classical algorithm with an oracle that can perform an O(log n)-depth quantum circuit with 2n input qubits, one output qubit, no initialized ancillary qubits, and n uninitialized ancillary qubits such that it consists of the gates in G.
As in Theorem 1, Theorem 2 shows the possibility that augmenting uninitialized ancillary qubits increases the computational power of shallow quantum circuits with only O(log n) initialized ancillary qubits. Here, we give a brief comment on the number of input qubits. If the number of input qubits is large, the algorithm can send 0 k for large k (besides another bit string) and the circuit can use a part of the input qubits as a large number of initialized ancillary qubits. To avoid this, when the length of the original input to the algorithm is n, we restrict the number of input qubits to 2n.
Lastly, to show the limitations of uninitialized ancillary qubits, for any constant 0 ≤ δ < 1, we consider O((log n) δ )-depth quantum circuits consisting of one-qubit gates (not necessarily in G), CNOT gates, unbounded fan-out gates on (log n) O(1) qubits, and unbounded Toffoli gates. The proof of Bera [3] implies that such circuits with no ancillary qubits cannot compute the parity function on n bits. We extend this to the case with O(log n) initialized and n O(1) uninitialized ancillary qubits: Theorem 3. Let 0 ≤ δ < 1 be an arbitrary constant. Then, the parity function on n bits cannot be computed by any O((log n) δ )-depth quantum circuit with n input qubits, one output qubit, O(log n) initialized ancillary qubits, and n O(1) uninitialized ancillary qubits such that it consists of one-qubit gates, CNOT gates, unbounded fan-out gates on (log n) O(1) qubits, and unbounded Toffoli gates.
Theorem 3 gives the cases where augmenting uninitialized ancillary qubits does not increase the computational power of shallow quantum circuits. For example, the parity function cannot be computed by any O((log n) 0.99 )-depth quantum circuit with only O(log n) initialized ancillary qubits, even when it is augmented by n O(1) uninitialized ancillary qubits. Moreover, Theorem 3 implies the following suggestion on how to improve Theorem 1. Theorem 1 yields O(log n)-depth quantum circuits for various symmetric functions with O(log n) initialized and n O(1) uninitialized ancillary qubits such that they consist of the gates in G, unbounded fan-out gates, and unbounded Toffoli gates. As described in Section 1.2, the circuits are based on a quantum circuit for computing the number of ones in the input bits, which can be considered as a quantum circuit for the parity function. Thus, they cannot be significantly improved simultaneously in terms of both the depth and the number of qubits on which unbounded fan-out gates act, since, otherwise, we would obtain a circuit that contradicts Theorem 3.
Overview of Techniques
A key ingredient of the circuits in Theorem 1 is a new shallow OR reduction circuit with O(log n) initialized and n O(1) uninitialized ancillary qubits. The circuit reduces the computation of the OR function on n bits to that on m = log(n+1) bits. Its first part is similar to the original OR reduction circuit with only a large number of initialized ancillary qubits [13] and yields a state that depends on the uninitialized ancillary qubits. Thus, in particular, we need to eliminate any dependency of the phase of the state on the uninitialized ancillary qubits. To do so, we add an appropriate phase to that of the state using a large number of uninitialized ancillary qubits. When we compute f n ∈ E on input x ∈ {0, 1} n , we first compute the binary representation s ∈ {0, 1} m of the number of ones in x by applying the quantum Fourier transform modulo 2 m to the output state of the OR reduction circuit, and then compute g m (s) = f n (x), where g m is the Boolean function associated with f n described above.
We obtain the algorithm in Theorem 2 by modifying the n O(1) -time probabilistic classical algorithm for MEE(p(n), C n ) with an oracle that can perform a commuting quantum circuit given in [19] , where the circuit implements the Hadamard test [17] . A key ingredient of our algorithm is a shallow quantum circuit for the Hadamard test with uninitialized ancillary qubits. Although initialized ancillary qubits allow us to parallelize the Hadamard test [24], it has not been known whether uninitialized ancillary qubits are useful for this purpose. We show that uninitialized ancillary qubits can be used like initialized ones in parallelizing the Hadamard test. Replacing the commuting quantum circuit with the resulting shallow quantum circuit yields the desired algorithm.
We show Theorem 3 by extending the proof of Bera [3] . Our proof is different from the previous one in that it deals with ancillary qubits and unbounded fan-out gates. In particular, the key to Theorem 3 is to show that, for any quantum circuit C n with O(log n) initialized and n O(1) uninitialized ancillary qubits such that it includes unbounded Toffoli gates, there exists an initial state of the uninitialized ancillary qubits such that C n with the initial state is well approximated byC n with the same initial state. Here,C n is the circuit obtained from C n by removing unbounded Toffoli gates on a large number of qubits. Thus, roughly speaking, when C n is a small-depth circuit for the parity function, so isC n . This is impossible sinceC n does not have any gate on a large number of qubits and thus its output does not depend on all input qubits. The proof of Fang et al. [9] also shows the limitations of shallow quantum circuits, but it does not seem to work directly in our setting. This is because our circuits include unbounded fan-out gates and it seems difficult to approximate them with identity gates.
Preliminaries
Quantum Circuits and Uninitialized Ancillary Qubits
A quantum circuit consists of elementary gates, each of which is in an elementary gate set. The elementary gate set consists of one-qubit gates and a CNOT gate. Frequently used one-qubit gates in this paper are a Hadamard gate H, a phase-shift gate Z(θ), and its variant Z (θ) = e −iθ/2 Z(θ). Here, H = |+ 0| + |− 1| and Z(θ) = |0 0| + e iθ |1 1| for any angle θ ∈ R, where |± = (|0 ± |1 )/ √ 2. In particular, we write Z(π) as Z. Let G be the (universal) elementary gate set consisting of a H gate, a Z(±π/4) gate, a Z (±2π/2 t ) gate for any integer t ≥ 1, and a CNOT gate.
We also consider an elementary gate set including an unbounded fan-out gate and an unbounded Toffoli gate. Let k ≥ 1 be an integer. A fan-out gate on k+1 qubits implements the operation defined as |y k j=1 |x j → |y k j=1 |x j ⊕ y for any y, x j ∈ {0, 1}, where ⊕ denotes addition modulo 2. The gate is a CNOT gate when k = 1. The first input qubit is called the control qubit. A k-controlled Toffoli gate implements the operation on k +1 qubits defined as
denotes the logical AND. The gate is a CNOT gate when k = 1. The first k input qubits are called the control qubits and the last input qubit is called the target qubit. When it is permitted to apply a fan-out gate and a Toffoli gate on a non-constant number of qubits, they are called an unbounded fan-out gate and an unbounded Toffoli gate, respectively.
For convenience, we use a k-controlled Z(±2π/2 t ) gate for any integer t ≥ 1. The k-controlled Z(2π/2 t ) gate implements the operation on k + 1 qubits defined as
j=1 |x j for any x j ∈ {0, 1}. We can choose an arbitrary qubit as the target qubit, and the other qubits are called the control qubits. The inverse of the gate is the k-controlled Z(−2π/2 t ) gate. It implements the same operation except that 2πi/2 t is replaced with −2πi/2 t . When it is permitted to apply these gates on a non-constant number of qubits, they are called unbounded Z(±2π/2 t ) gates.
The complexity measures of a quantum circuit are its size and depth. The size of a quantum circuit is defined as the total size of all elementary gates in the circuit, where the size of an elementary gate is defined as the number of qubits on which the gate acts. To define the depth of a quantum circuit, we consider the circuit as a set of layers 1, . . . , d consisting of elementary gates, where gates in the same layer act on pairwise disjoint sets of qubits and any gate in layer j is applied before any gate in layer j + 1. The depth of the circuit is defined as the smallest possible value of d [10] .
We deal with a uniform family of n O(1) -size quantum circuits {C n } n≥1 . The uniformity means that the function 1 n → C n can be computed by an n O(1) -time classical algorithm, where C n is the classical description of C n . Each C n has n input qubits and can have one output qubit and n O(1) ancillary qubits. The ancillary qubits are divided into two groups: p = O(log n) qubits and the remainingubits. We assume that, for any x ∈ {0, 1} n and y ∈ {0, 1}, we can initialize the input qubits and output qubit to |x and |y , respectively. Moreover, we can initialize the p ancillary qubits to |0 , which we call initialized ancillary qubits, but we cannot initialize the q ancillary qubits and do not know their initial state. The q ancillary qubits are called uninitialized ancillary qubits. When C n has an output qubit, a measurement in the basis {|0 , |1 } is performed on it at the end of the computation. The classical outcome of the measurement, which is 0 or 1, is called the output of C n . A symbol denoting a quantum circuit also denotes its matrix representation in the computational basis. Any quantum circuit in this paper is understood to be an element of a uniform family of quantum circuits, and thus, for simplicity, we deal with a quantum circuit C n in place of a family {C n } n≥1 .
Computability of Boolean Functions
A Boolean function f n on n bits is a mapping f n : {0, 1} n → {0, 1}. The parity function on n bits, denoted by PA n , is defined as PA n (x) = 1 if |x| is odd and 0 otherwise, for any x = x 1 · · · x n ∈ {0, 1} n , where |x| = n j=1 x j . For any integer 1 ≤ t ≤ n, the threshold function with a threshold t on n bits, denoted by TH t n , is defined as TH t n (x) = 1 if |x| ≥ t and 0 otherwise. The OR function on n bits, denoted by OR n , is TH 1 n . We define the computability of a Boolean function as follows:
be a Boolean function on n bits and C n be a quantum circuit with n input qubits, one output qubit, p initialized ancillary qubits, and q uninitialized ancillary qubits. The circuit C n computes f n (or C n is a quantum circuit for f n ) if the following conditions hold:
• For any x ∈ {0, 1} n and y ∈ {0, 1}, when the input qubits, output qubit, and p initialized ancillary qubits are initialized to |x , |y , and |0 p , respectively, the output of C n is y ⊕ f n (x) with probability 1, regardless of the initial state of the q uninitialized ancillary qubits.
• At the end of the computation, the state of all the qubits other than the output qubit is the same as their initial state.
A Boolean function is called symmetric if its output depends only on the number of ones in the input bits [15] . We consider the class E of symmetric functions that are efficiently quantum computable from the number of ones in the input bits, where a classical version of the class is described in [14] . The precise definition of E is as follows:
A symmetric function f n on n bits is in E if there exists a Boolean function g m on m = log(n + 1) bits satisfying the following conditions:
• The function g m can be computed by an O(m)-size quantum circuit with m input qubits, one output qubit, and O(m) initialized ancillary qubits such that it consists of the gates in G.
It is easy to show that PA n and TH t n (and thus OR n ) are in E since we can apply a NOT gate, i.e., HZ(π/4) 4 H, and a 2-controlled Toffoli gate [1, 20] .
The original OR reduction quantum circuit [13] is an O(1)-depth O(n log n)-size one with n input qubits and O(n log n) initialized ancillary qubits such that it includes unbounded fan-out gates. The circuit reduces the problem of computing OR n to that of computing OR m , where m = log(n+1) . We explain the idea of the circuit that will be used in our circuits. For any x ∈ {0, 1} n , let |x be the initial state of the input qubits. The circuit transforms the state of the m initialized ancillary qubits into the state m k=1 |ϕ k without changing the state of the other qubits. Here, |ϕ k = (|+ + e 
Strengths of Uninitialized Ancillary Qubits
Our Idea for a New OR Reduction Circuit
A key ingredient of our circuits in Theorem 1 is an O((log n) 2 )-depth OR reduction circuit Q n with m = log(n + 1) initialized and O(n(log n) 2 ) uninitialized ancillary qubits such that it consists of the gates in G. The depth decreases to O(log n) when the elementary gate set further includes an unbounded Toffoli gate on O(log n) qubits and an unbounded fan-out gate. The difficulty in constructing Q n is how to utilize a large number of uninitialized ancillary qubits B 1 , . . . , B q to apply a large number of gates in parallel so that its output state is independent of the initial state of B 1 , . . . , B q , where q = n O(1) . The first part of Q n is similar to the original OR reduction circuit [13] and yields a state that depends on the initial state of B 1 , . . . , B q . We explain the idea for eliminating the dependency using the case where n = 3 (and thus m = 2) and the elementary gate set includes an unbounded fan-out gate and a 1-controlled Z(2π/2 t ) gate for t = 1, 2. Direct applications of the original OR reduction circuits for preparing |ϕ 1 and |ϕ 2 to the setting with uninitialized ancillary qubits are depicted in Figs. 1(a) and 1(b) , respectively, where the number of initialized ancillary qubits is one and the other ancillary qubits, which are called B 1 , B 2 , B 3 , are uninitialized ones. Figure 1 : (a): Direct application of the original circuit for preparing |ϕ 1 . The gate next to the H gate is a fan-out gate on four qubits, where the top qubit is the control qubit. For any integer t ≥ 1, the gate represented as t is a Z(2π/2 t ) gate. (b): Direct application of the original circuit for |ϕ 2 .
The direct application of the original circuit works for preparing |ϕ 1 . In fact, when the initial state of B 1 , B 2 , B 3 is |b 1 |b 2 |b 3 for any b 1 , b 2 , b 3 ∈ {0, 1}, a direct calculation shows that the circuit in Fig. 1(a) transforms the state of the initialized ancillary qubit into the state (|+ +e 
, the obtained state is equal to |ϕ 1 . The dependency on the initial state of B 1 , B 2 , B 3 is eliminated since the term 2(b 1 x 1 + b 2 x 2 + b 3 x 3 ) yields only an angle of a multiple of 2π.
Unfortunately, the original circuit does not work for preparing |ϕ 2 . A direct calculation shows that the circuit in Fig. 1(b) transforms the state of the initialized ancillary qubit into the state (|+ + e 2πi 2 2 γ |− )/ √ 2, which is represented as |ϕ 2 in Fig. 1(b) . The phase e 
and the initial state of the new uninitialized ancillary qubits is |b 1 |b 2 |b 3 for any b 1 , b 2 , b 3 ∈ {0, 1}. We can obtain the angle 2π 2 2 γ using a quantum circuit similar to the one in Fig. 1(b) since γ has a form similar to γ. Since e We also use the following idea that contributes to decreasing the depth of Q n . In the above explanation, we deal with two circuits for |ϕ 1 and |ϕ 2 . We deal with m circuits in general and, to decrease the depth of Q n , it is better to execute them in parallel. A simple method to do this is to first prepare m copies of the input state |x 1 · · · |x n , but it is impossible to use this method since we have only O(log n) initialized ancillary qubits. Thus, we prepare the copies on uninitialized ancillary qubits, i.e., the states in the form |x 1 ⊕ a 1 · · · |x n ⊕ a n , where |a 1 · · · |a n is the initial state of the uninitialized ancillary qubits and a 1 , . . . , a n ∈ {0, 1}. To execute the m circuits in parallel, we use such copies on the uninitialized ancillary qubits and eliminate the dependency on their initial state.
Our OR Reduction Circuit and Proof of Theorem 1
We consider the case where the elementary gate set is G with an unbounded Toffoli gate on O(log n) qubits, an unbounded fan-out gate, and a k-controlled Z(±2π/2 t ) gate for any integer t ≥ 1. We prepare n input qubits X 1 , . . . , X n and m initialized ancillary qubits I(1), . . . , I(m). We also prepare nm(m + 3)/2 uninitialized ancillary qubits, which are divided into two groups, A and B. Group A consists of mn qubits, which are divided into m groups A(1), . . . , A(m). Each A(k) consists of n qubits A 1 (k), . . . , A n (k). Group B consists of nm(m + 1)/2 qubits, which are divided into m groups B(1), . . . , B(m). Each B(k) consists of kn qubits, which are divided into k groups B(k, 1), . . . , B(k, k). Each B(k, l) consists of n qubits B 1 (k, l), . . . , B n (k, l). For any 1 ≤ k ≤ m, |ϕ k is prepared by using I(k), A(k), B(k, l) for any 1 ≤ l ≤ k besides the input qubits.
The initial states of X 1 , . . . , X n are |x 1 , · · · , |x n , respectively, for any x 1 , . . . , x n ∈ {0, 1}. For any 1 ≤ k ≤ m, I(k) is initialized to |0 and the initial states of A 1 (k), . . . , A n (k) are |a 1 (k) , . . . , |a n (k) , respectively, for any a 1 (k), . . . , a n (k) ∈ {0, 1}. For any 1 ≤ k ≤ m and 1 ≤ l ≤ k, the initial states of
The circuit Q n consists of m stages Stage 1, . . . , Stage m, which are applied in this order. For any
1. Apply a H gate to I(k) for every s ≤ k ≤ m in parallel.
2. Apply a fan-out gate on n + 1 qubits to I(k) and B 1 (k, s), . . . , B n (k, s) for every s ≤ k ≤ m in parallel, where I(k) is the control qubit. 3 . If s = 1, then do nothing. Otherwise, apply a fan-out gate on s qubits to A j (k) and B j (k, 1), . . . , B j (k, s − 1) for every s ≤ k ≤ m and 1 ≤ j ≤ n in parallel, where A j (k) is the control qubit. 4 . Apply an s-controlled Z(−2π/2 k−s+1 ) gate to B j (k, s) and the following qubits for every s ≤ k ≤ m and 1 ≤ j ≤ n in parallel: If s = 1, then A j (k), where this qubit is the control qubit. Otherwise, A j (k) and B j (k, 1), . . . , B j (k, s − 1), where these qubits are the control qubits. 5 . Apply a fan-out gate on m−s+2 qubits to X j and A j (s), A j (s+1), . . . , A j (m) for every 1 ≤ j ≤ n in parallel, where X j is the control qubit. 6 . Apply the inverse of the gates in Step 4.
Apply the gates in
Step 5, Step 3, Step 2, and Step 1 (in this order).
The circuit Q n outputs the desired state as follows. The proof can be found in Appendix A. 1 . 
Moreover, for any qubit other than the initialized ancillary qubits, the state of the qubit obtained by applying those gates is the same as its initial state.
By decomposing k-controlled Z(±2π/2 t ) gates, we can regard Q n as the circuit in the case where the elementary gate set is G with an unbounded Toffoli gate on O(log n) qubits and an unbounded fanout gate [1] . However, the depth of the circuit is O(log n) times larger than that in Theorem 1. Thus, we replace such gates with their variants. A direct calculation shows that, for any integer t ≥ 1 and k ≥ 1, we can replace a k-controlled Z(±2π/2 t ) gate in Q n with a k-controlled Z (±2π/2 t ) gate without affecting the operation implemented by Q n , where Z (θ) = e −iθ/2 Z(θ). The k-controlled Z (2π/2 t ) gate implements the operation on k + 1 qubits defined as
j=1 |x j for any x j ∈ {0, 1}. The last qubit is the target qubit, i.e., the qubit to which we apply a Z (2π/2 t ) gate, and the other qubits are called the control qubits. The inverse of the gate is the k-controlled Z (−2π/2 t ) gate and implements the same operation except that −2πi/2 t+1 is replaced with 2πi/2 t+1 .
The circuit Q n has the desired complexity as follows. The proof can be found in Appendix A.2.
Lemma 2. The depth of Q n is O((log n) 2 ) when the elementary gate set is G. It decreases to O(log n) when the elementary gate set further includes an unbounded Toffoli gate on O(log n) qubits and an unbounded fan-out gate. The circuit Q n uses O(log n) initialized and O(n(log n) 2 ) uninitialized ancillary qubits in both of the cases.
When we compute f n ∈ E on input x ∈ {0, 1} n , we first compute the binary representation s ∈ {0, 1} m of |x|. This can be done by applying QFT † 2 m to the state m k=1 H|ϕ k , which is simply obtained from the output state of Q n . We then compute g m (s) = f n (x) using only O(log n) initialized ancillary qubits, where g m is the Boolean function associated with f n (see Definition 2). This algorithm with Lemmas 1 and 2 implies Theorem 1. The details can be found in Appendix A.3.
Proof of Theorem 2
Let p(n) be a polynomial and C n be an O(1)-depth quantum circuit on n qubits such that it consists of the gates in G. As described in Section 1, the problem MEE(p(n), C n ) is to compute α x ∈ R such that |α x −| 0 n |C n |x | 2 | ≤ 1/p(n) for any input x ∈ {0, 1} n , where C n also denotes the 2 n ×2 n unitary matrix implemented by C n . For any w = w 1 · · · w n ∈ {0, 1} n , we define Z(w) = n j=1 Z w j j , where Z j is applied on the j-th qubit of C n . Moreover, for any x, w ∈ {0, 1} n , we define F n (x, w) = x|C † n Z(w)C n |x . As shown in [19] , MEE(p(n), C n ) can be solved with probability exponentially (in n) close to 1 if there exists a probabilistic algorithm A Fn such that, for any x, w ∈ {0, 1} n , the probability that |A Fn (x, w) − F n (x, w)| ≤ 0.5/p(n) is exponentially close to 1. In fact, due to the Chernoff-Hoeffding bound, the probabilistic algorithm for MEE(p(n), C n ) is described with some K = n O(1) as follows, where the input is x ∈ {0, 1} n : For every 1 ≤ j ≤ K, choose w(j) ∈ {0, 1} n uniformly at random and compute A Fn (x, w(j)). After that, output (1/K)
The probabilistic algorithm A Fn in [19] can be considered as a repetition of a commuting quantum circuit D 2n for the Hadamard test with 2n input qubits and one output qubit. For any x, w ∈ {0, 1} n , the output of D 2n with the input qubits initialized to |x |w and output qubit initialized to |0 is 0 with probability (1 + F n (x, w))/2 (and thus 1 with probability (1 − F n (x, w))/2). Thus, when the outputs 0 and 1 are regarded as 1 and −1, respectively, due to the Chernoff-Hoeffding bound, A Fn is described with some L = n O(1) as follows, where the input is the pair of x and w, which are in {0, 1} n : For every 1 ≤ j ≤ L, perform D 2n with the input qubits initialized to |x |w and output qubit initialized to |0 , and obtain its output z j (x, w) ∈ {1, −1}. After that, output (1/L) L j=1 z j (x, w). Our idea for proving Theorem 2 is to construct a parallelized version of the Hadamard test, denoted by E 2n , by using uninitialized ancillary qubits and replace D 2n in the above probabilistic algorithm for MEE(p(n), C n ) with E 2n . Although the standard Hadamard test is a sequential application of controlled gates with the same control qubit, roughly speaking, E 2n first prepares the copies of the state of the control qubit on uninitialized ancillary qubits and then applies the controlled gates in parallel by using the copies. To describe E 2n more precisely, let x = x 1 · · · x n , w = w 1 · · · w n ∈ {0, 1} n . We prepare 2n input qubits X 1 , . . . , X n , W 1 , . . . , W n , one output qubit Y , and n uninitialized ancillary qubits G(1), . . . , G(n). The initial states of X 1 , . . . , X n , W 1 , . . . , W n are |x 1 , . . . , |x n , |w 1 , . . . , |w n , respectively. The initial state of Y is |0 and the initial state of the uninitialized ancillary qubits is arbitrary. As an example, E 2n with n = 3 is given in Appendix A. 4 . The circuit E 2n is defined as follows, where we use fan-out gates and 2-controlled Z gates for simplicity:
2. Apply a fan-out gate on n + 1 qubits to Y and G(1), . . . , G(n), where Y is the control qubit. 3 . Apply C n to X 1 , . . . , X n . 4 . Apply a 2-controlled Z gate to G(j), X j , and W j for every 1 ≤ j ≤ n in parallel. 5 . Apply C † n to X 1 , . . . , X n . 6 . Apply the gates in Step 2 and Step 1 (in this order).
The fan-out gate can be decomposed into an O(log n)-depth quantum circuit consisting only of CNOT gates. An example of the decomposition is given in Appendix A.2. Moreover, the 2-controlled Z gate can be decomposed into a constant number of the gates in G [1, 20] . Thus, we can regard E 2n as the O(log n)-depth circuit in the case where the elementary gate set is G. The circuit E 2n has the desired output probability distribution as follows. The proof can be found in Appendix A. 4 .
Lemma 3.
For any x, w ∈ {0, 1} n , the output of E 2n with the input qubits initialized to |x |w and output qubit initialized to |0 is 0 with probability (1 + F n (x, w))/2.
This lemma immediately implies Theorem 2:
Proof of Theorem 2. We modify the above-mentioned probabilistic algorithm for MEE(p(n), C n ) by replacing D 2n with E 2n . By Lemma 3, the output probability distribution of E 2n is the same as that of D 2n . Thus, as with the original algorithm, the resulting algorithm solves MEE(p(n), C n ).
Limitations of Uninitialized Ancillary Qubits
Our Idea for Proving Theorem 3
For any integer s ≥ 1, an s-controlled Toffoli gate is decomposed into one s-controlled Z gate and two H gates without using any ancillary qubit [9] . Thus, to prove Theorem 3, it suffices to consider an unbounded Z gate in place of an unbounded Toffoli gate. Our proof of Theorem 3 is an extension of the proof of Bera [3, 2] . We assume on the contrary that there exists a depth-d quantum circuit C n for PA n with p = O(log n) initialized and q = n O(1) uninitialized ancillary qubits such that it consists of one-qubit gates, CNOT gates, unbounded fan-out gates on (log n) O(1) qubits, and unbounded Z gates, where d = O((log n) δ ) for some constant 0 ≤ δ < 1. A simple case is when all unbounded Z gates in C n act on a small number of qubits, such as O(log n) qubits. In this case, since d is small, a direct application of the previous proof [3] implies that there exists an input qubit of C n such that the output of C n does not depend on the input qubit. Thus, C n cannot compute PA n since the output of PA n changes if any one of the n input bits changes. This contradicts the assumption.
The remaining case is when there exists an unbounded Z gate on a large number of qubits. Let C n be the circuit obtained from C n by removing all such gates. When C n does not have any ancillary qubit, Bera [3] showed that C n is well approximated byC n in the sense that, when the state of the input qubits is a computational basis state chosen uniformly at random, the output of C n coincides with that ofC n with high probability. Since C n computes PA n ,C n computes PA n with high probability. Thus, we obtain a contradiction as in the above simple case since all gates inC n act on a small number of qubits. To apply this idea to our setting where C n has p initialized and q uninitialized ancillary qubits, we analyze the uninitialized ancillary qubits. Using the assumption that p = O(log n), we show that C n with the initialized ancillary qubits (initialized to |0 p ) and uninitialized ancillary qubits initialized to |a for some a ∈ {0, 1} q is well approximated (in the sense described above) byC n with the same initial state. The former circuit computes PA n since, by definition, C n with an arbitrary initial state of the uninitialized ancillary qubits computes PA n . Thus, the latter circuit computes PA n with high probability, and we obtain a contradiction as in the above simple case.
Analysis of a General Circuit and Proof of Theorem 3
We analyze a general depth-d quantum circuit C n with n input qubits, one output qubit, p initialized ancillary qubits, and q uninitialized ancillary qubits such that it consists of one-qubit gates, CNOT gates, unbounded fan-out gates, and unbounded Z gates. A key property of C n is described as follows. Bera proved it only when w is constant [3, 2] , but the same proof works in the general case.
Lemma 4 ([3, 2]
). Let C n be a depth-d quantum circuit with n input qubits and one output qubit (possibly with ancillary qubits). If all gates in C n act on at most w qubits, then the output of C n can depend only on the states of at most w d input qubits.
Let t ≥ 2 be an arbitrary integer and G t be the set of all unbounded Z gates in C n that act on more than or equal to t qubits. We consider only the case where G t = ∅ and assume that G t = {T 1 , . . . , T k } for some k ≥ 1, where, for any 1
We decompose C n into the gates in G t and the other parts as depicted in Fig. 2 , where C n computes a Boolean function f n on n bits and C j n is a quantum circuit consisting of gates that are not in G t for any 1 ≤ j ≤ k + 1. Such a decomposition is not unique in general, but the point is to fix a decomposition.
For any 1 ≤ l ≤ k, we define a quantum circuit V l as follows:
, 1} n , y ∈ {0, 1}, and b ∈ {0, 1} p+q . Here, the symbol "•" represents the concatenation of bit strings, || · || is the Euclidean norm of a vector, i.e., |||v || = v|v for any vector |v , andC n = C k+1 n C k n · · · C 2 n C 1 n , i.e., the quantum circuit obtained from C n by removing T 1 , . . . , T k . Let U n be a random variable uniformly distributed over {0, 1} n .
We first evaluate the probability Pr[∆(U n , y, b) < ε] using the expected value E[∆ l (U n , y, b) 2 ] = (1/2 n ) x∈{0,1} n ∆ l (x, y, b) 2 as follows. The proof can be found in Appendix A. 5 .
for any ε > 0, y ∈ {0, 1}, and b ∈ {0, 1} p+q .
To evaluate the value
, let t l be the number of qubits on which T l acts, u l be the number of the other qubits in C n , i.e., u l = n + p + q + 1 − t l , and t min = min{t l |1 ≤ l ≤ k}. We assume that V l |x • y • b = i∈{0,1} t l j∈{0,1} u l g (l)
x•y•b (i • j)|i • j for any x ∈ {0, 1} n , y ∈ {0, 1}, and b ∈ {0, 1} p+q , where g
The qubits represented by i ∈ {0, 1} t l correspond to the qubits on which T l acts. Of course, for any 1 ≤ l ≤ k, T l does not always act on the first t l qubits in C n . We
Figure 2: Circuit C n for f n and its decomposition, where the initial states of the input qubits, output qubit, and uninitialized ancillary qubits are |x 1 · · · |x n , |y , and |a 1 · · · |a q , respectively, for any x = x 1 · · · x n ∈ {0, 1} n , y ∈ {0, 1}, and a 1 · · · a q ∈ {0, 1} q . Gates T 1 , . . . , T k are unbounded Z gates.
therefore need to apply some permutation of all qubits; however, since such a permutation does not affect Lemma 7, which is the key to Theorem 3, we omit it. We evaluate the above value as follows. The point is that there exists an initial state of the uninitialized ancillary qubits such that this value is small. The proof can be found in Appendix A. 6 .
p+q+3 /2 t min for any y ∈ {0, 1} and b ∈ {0, 1} p+q . Moreover, there exists some a ∈ {0, 1} q such that
Lemmas 5 and 6 immediately imply the following evaluation:
for any ε > 0, y ∈ {0, 1}, and b ∈ {0, 1} p+q . In particular, there exists some a ∈ {0, 1} q such that
Lemmas 4 and 7 imply Theorem 3 as follows. We assume on the contrary that there exists a depth-d quantum circuit C n for PA n with p = O(log n) initialized and q = n O(1) uninitialized ancillary qubits such that it consists of one-qubit gates, CNOT gates, unbounded fan-out gates on (log n) O(1) qubits, and unbounded Z gates, where d = O((log n) δ ) for some constant 0 ≤ δ < 1. Let t be a sufficiently large number satisfying that t = Θ(log(n + p + q + 1)). When G t = ∅, all gates in C n act on at most w = (log n) O(1) qubits. By Lemma 4, the output of C n can depend only on the states of at most w d = o(n) input qubits. As described in Section 4.1, C n cannot compute PA n , which is a contradiction. When G t = ∅, we apply the above analysis of a general circuit. By Lemma 7 with ε = 0.1, there exists some a ∈ {0, 1} q such that Pr[∆(U n , 0, 0 p • a) < 0.1] is polynomially (in n) close to 1. This means that, when n is sufficiently large, there are more than 2 n−1 elements x ∈ {0, 1} n such that ∆(x, 0, 0 p • a) < 0.1. Since C n computes PA n , it is easy to show that, for any such x, the output ofC n |x • 0 • 0 p • a is PA n (x) with probability of at least 1 − 0.1 2 = 0.99. On the other hand, Lemma 4 implies that, for at most 2 n−1 elements x ∈ {0, 1} n , the output ofC n |x • 0 • 0 p • a is PA n (x) with probability greater than 0.5. This is a contradiction. The details can be found in Appendix A.7.
Open Problems
Interesting challenges would be to further study the computational power of shallow quantum circuits with uninitialized ancillary qubits. We give some examples of such problems:
• Can we decrease the depth or the number of qubits on which fan-out gates act in Theorem 1?
• What functions (not dealt with in this paper) can or cannot be computed by shallow quantum circuits with uninitialized ancillary qubits?
• What is the relationship between the computational power of general classical/quantum circuits and that of shallow quantum circuits with uninitialized ancillary qubits?
[21] M. Saeedi and M. Pedram. Linear-depth quantum circuits for n-qubit Toffoli gates with no ancilla. Physical Review A, 87(062318), 2013.
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A Proofs
A.1 Proof of Lemma 1
Proof. As an example, Stages 1 and 2 with n = 3 are depicted in Figs. 3 and 4 , respectively. The states of X 1 , . . . , X n stay unchanged during the computation since the qubits are used only for control qubits. We fix an arbitrary 1 ≤ k ≤ m and show the lemma by induction on s. We first consider the base case, s = 1. Steps 1-2 transform the initial state of I(k) and B 1 (k, 1), . . . , B n (k, 1) as follows:
where the symbol " →" corresponds to one step.
Step 3 does nothing and Step 4 transforms this state into the state
where we ignore the global phase and
Step 5 transforms the states of A 1 (k), . . . , A n (k) into the states |x 1 ⊕ a 1 (k) , . . . , |x n ⊕ a n (k) , respectively.
Step 6 transforms state (1) into the state
where
Thus,
Steps 7-9 transform the state of all the qubits other than I(k) into their initial state. The state of I(k) after Step 10 is
The state |ϕ 2 in Figs. 3 and 4 is state (2) when n = 3 and k = 2. This completes the proof of the base case. In particular, the above proof implies that Lemma 1 holds when k = 1, and thus we assume that k ≥ 2 in the following. We fix an arbitrary 1 ≤ s ≤ k − 1 and assume that the lemma holds for s. Thus, after Stage s, the state of I(k) is
Moreover, for any qubit other than the initialized ancillary qubits, the state of the qubit is the same as its initial state. We apply Stage s + 1 ≤ k.
Step 1 transforms the initial state of I(k) and B 1 (k, s + 1), . . . , B n (k, s + 1) as follows:
Step 2 transforms this state into the state
Step 3 transforms the states of B j (k, 1), . . . , B j (k, s) into the states
respectively, for any 1 ≤ j ≤ n.
Step 4 transforms state (3) into the state
Step 6 transforms state (4) into the state
This implies that
Thus, γ(k, s) + α(k, s + 1) + β(k, s + 1) = γ(k, s + 1). Steps 7-9 transform the state of all the qubits other than I(k) into their initial state. The state of I(k) after Step 10 is
Therefore, the lemma holds for s + 1 as desired. We note that
This completes the proof of the lemma.
A.2 Proof of Lemma 2
Proof. We first consider the case where the elementary gate set is G with an unbounded Toffoli gate on O(log n) qubits and an unbounded fan-out gate. For any k ≥ 2, a k-controlled Z (2π/2 t ) gate is decomposed into one 1-controlled Z (2π/2 t ) gate, two 1-controlled Z (−2π/2 t+1 ) gates, and two (k − 1)-controlled Toffoli gates without using any new ancillary qubit [1] . For example, an 8-controlled Z (2π/2 t ) gate is decomposed as depicted in Fig. 5(a) . A k-controlled Z (−2π/2 t ) gate is decomposed similarly. Moreover, a 1-controlled Z (±2π/2 r ) gate for any integer r ≥ 1 is decomposed into two one-qubit gates of the form Z (±2π/2 r ) for some integer r ≥ 1 and two CNOT gates [1] . By this decomposition, we can regard Q n as the circuit in the case where the elementary gate set is G with an unbounded Toffoli gate on O(log n) qubits and an unbounded fan-out gate. The depth of each stage is constant and thus the depth of the whole circuit, which consists of m = O(log n) stages, is O(log n). It is obvious that the circuit uses m = O(log n) initialized ancillary qubits and nm(m + 3)/2 = O(n(log n) 2 ) uninitialized ancillary qubits. A k-controlled Toffoli gate is decomposed into an O(k)-depth quantum circuit with an uninitialized ancillary qubit such that it consists only of H gates, Z(±π/4) gates, and CNOT gates [1, 20] . Moreover, by using the equivalence of a parity gate and a fan-out gate [12] , a fan-out gate on k + 1 qubits is decomposed into an O(log k)-depth quantum circuit without using any new ancillary qubit such that it consists only of CNOT gates. An example of such a circuit with k = 8 is depicted in Fig. 5(b) . By this decomposition, we can regard Q n as the circuit in the case where the elementary gate set is G. The depth of each stage is O(log n) since an unbounded fan-out gate acts on at most n + 1 = O(n) qubits and an unbounded Toffoli gate acts on at most m + 1 = O(log n) qubits. Thus, the depth of the whole circuit is O(m log n) = O((log n) 2 ). Moreover, as in the above case, the circuit uses m initialized ancillary qubits and nm(m + 3)/2 uninitialized ancillary qubits. 
A.3 Proof of Theorem 1
Proof. Let f n ∈ E and x = x 1 · · · x n ∈ {0, 1} n be an input. By the definition of E, there exists an O(log n)-size (and thus O(log n)-depth) quantum circuit R m with m = log(n + 1) input qubits, one output qubit, and r = O(log n) initialized ancillary qubits such that it consists of the gates in G, and it computes f n (x) when we are given the binary representation of |x|. We prepare n input qubits X 1 , . . . , X n , one output qubit Y , p = m + r = O(log n) initialized ancillary qubits I(1), . . . , I(p), and q = nm(m + 3)/2 = O(n(log n) 2 ) uninitialized ancillary qubits C(1), . . . , C(q). The initial states of X 1 , . . . , X n are |x 1 , · · · , |x n , respectively, and the initial state of Y is |y for any y ∈ {0, 1}. Each of I(1), . . . , I(p) is initialized to |0 and the initial state of the uninitialized ancillary qubits is arbitrary. We consider the following circuit: is O((log n) 2 ) and thus the depth of the whole circuit is O((log n) 2 ) as desired. When the elementary gate set further includes an unbounded Toffoli gate on O(log n) qubits and an unbounded fan-out gate, by Lemma 2, the depth of Q n is O(log n) and thus the depth of the whole circuit is O(log n) as desired. This completes the proof of Theorem 1.
A.4 Proof of Lemma 3
Proof. As an example, E 2n with n = 3 is depicted in Fig. 6 . We assume that the initial states of G(1), . . . , G(n) are |a 1 , . . . , |a n , respectively, for any a = a 1 · · · a n ∈ {0, 1} n . The states of W 1 , . . . , W n stay unchanged during the computation since the qubits are used only for control qubits. Thus, we consider the state of the remaining qubits Y, G(1), . . . , G(n), X 1 , . . . , X n . Steps 1-2 transform their initial state |0 |a |x as follows:
Step 3 transforms this state into the state 1 √ 2 |0 |a 1 · · · |a n (C n |x ) + 1 √ 2 |1 |a 1 ⊕ 1 · · · |a n ⊕ 1 (C n |x ).
Step 4 Step 5 transforms this state into the state
Step 6 transforms this state into the state Thus, using the relationships Z = Z † and Z a j w j +(a j ⊕1)w j = Z w j for any a j , w j ∈ {0, 1}, we can compute the probability that the output of E 2n is 0, denoted by p(0), as follows: 
A.5 Proof of Lemma 5
Proof. Fix an arbitrary ε > 0 and let ε 1 = ε/k. For any x ∈ {0, 1} n , y ∈ {0, 1}, and b ∈ {0, 1} p+q , by the triangle inequality [20] and the definition of V l , it holds that 
By the union bound and the Markov's inequality [11] ,
Pr[∆ l (U n , y, b) 2 ≥ ε 
A.6 Proof of Lemma 6
Proof. First, we show that, for any 1 ≤ l ≤ k, y ∈ {0, 1}, and b ∈ {0, 1} p+q ,
